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Abstract
Warped compactification of the six-dimensional bulk with a neg-
ative cosmological constant is realized with a 4-brane along with an
abelian gauge theory. No fine tuning of couplings are needed to obtain
the vanishing cosmological constant in four dimensions, as is the case
for the bulk with a positive cosmological constant.
1 Introduction
Higher-dimensional approach to the cosmological constant problem consid-
ered by Rubakov and Shaposhnikov [1] is based on the idea that the vanishing
cosmological constant in four dimensions might be achieved through warped
compactification even in the presence of a nonvanishing higher-dimensional
cosmological constant. This might be possible since effective four-dimensional
flatness is not necessarily in contradiction with highly curved spacetime as a
higher-dimensional space.
In a previous paper [2], we investigated the case of the six-dimensional
bulk with a positive cosmological constant and achieved the vanishing four-
dimensional cosmological constant without metric singularity by introducing
an abelian gauge field [3]. In this paper, we proceed to the case of a negative
bulk cosmological constant to get regular and compact extra dimensions. We
are led to introduce a 4-brane in the bulk [4] along with an abelian gauge
field, which is common to the case for a positive cosmological constant.
2 The Model
Let us assume an SO(2)-symmetric warped metric as a six-dimensional back-
ground [1]-[4]:
ds2 = gMNdx
MdxN = σ(r)g¯µνdx
µdxν − dr2 − ρ(r)dθ2, (1)
where g¯µν denote the four-dimensional metric independent of (r, θ) with 0 ≤
θ < 2pi. The action of the metric and an abelian gauge field with a 4-brane
at r = r1 is given by
S =
∫
d6x
√−g
(
1
2
R − 1
4
FMNF
MN − Λ
)
−
∫
d6x
√−g5λδ(r − r1), (2)
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where Λ < 0 and g5 denotes the determinant of the induced metric on the
4-brane.
The gauge field equations of motion are obtained as
∂M (
√−gFMN) = 0. (3)
The background configuration with the SO(2) symmetry is given by
Aµ = Ar = 0, Aθ = a(r), (4)
which yield the following field strength:
F rθ =
B
σ2
√
ρ
, (5)
where B is an integration constant. With this gauge field configuration, the
Einstein equations lead to
3
2
σ′′
σ
+
3
4
σ′
σ
ρ′
ρ
− 1
4
ρ′2
ρ2
+
1
2
ρ′′
ρ
− Λ4
σ
= − B
2
2σ4
− Λ− λδ(r − r1), (6)
3
2
σ′2
σ2
+
σ′
σ
ρ′
ρ
− 2Λ4
σ
=
B2
2σ4
− Λ, (7)
2
σ′′
σ
+
1
2
σ′2
σ2
− 2Λ4
σ
=
B2
2σ4
− Λ− λδ(r − r1), (8)
where the prime denotes differentiation with respect to r and we have used
four-dimensional Einstein equations for the metric g¯µν with the cosmological
constant Λ4, which comes out as an integration constant.
We get the junction conditions across the 4-brane from the equations of
motion:
σ′(r1 + 0)− σ′(r1 − 0) = −1
2
λσ(r1), (9)
ρ′(r1 + 0)− ρ′(r1 − 0) = −1
2
λρ(r1). (10)
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In the regions r < r1 and r > r1, the bulk Einstein equations are reduced to
an equation of motion
z′′ = −∂V (z)
∂z
; V (z) =
25
96
B2z−6/5 +
5
16
Λz2 − 25
24
Λ4z
6/5, (11)
σ = z4/5, ρ = C−2∓ z
′2z−6/5, (12)
where C∓ denote an integration constant for each region. Note that this
equation describes the motion of a particle with the position z at the time r
in a potential V (z).
3 The Solutions
Now we seek regular metric solutions in the desirable case of Λ4 = 0. The
junction conditions Eqs.(9) and (10) can be expressed in terms of z under
λ 6= 0:
z′+ − z′− = −
5
8
λz1, (13)
z′+z
′
− = −
5
16
B2z
−6/5
1 +
5
8
Λz21 , (14)
where we have denoted z′± = z
′(r1 ± 0) and z1 = z(r1) (which may be
normalized to one without loss of generality). Eqs.(13) and (14) can be
solved for z′±, provided 5λ
2+32Λ ≥ 0, with z′− > 0 and z′+ < 0. This change
of the velocity z′ from positive to negative is crucial for compactification of
the extra dimensions, which is achieved by means of the 4-brane with λ > 0.
The equation of motion Eq.(11) implies z′ = 0 at r = r0, r¯ with z
′ 6= 0
for r0 < r < r1 and r1 < r < r¯. The ‘energy’ conservations as the motion of
the position z in the ‘time’ regions r0 ≤ r < r1 and r1 < r ≤ r¯ yield
25
96
B2z
−6/5
0 +
5
16
Λz20 =
1
2
z′2− +
25
96
B2z
−6/5
1 +
5
16
Λz21, (15)
25
96
B2z¯−6/5 +
5
16
Λz¯2 =
1
2
z′2+ +
25
96
B2z
−6/5
1 +
5
16
Λz21, (16)
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respectively. Here we have denoted z0 = z(r0), z¯ = z(r¯), whose values are
determined by these equations.
Continuity of ρ across the 4-brane imposes a condition
C−2− z
′2
− = C
−2
+ z
′2
+ (17)
from Eq.(12). For regularity of the higher-dimensional metric, we have con-
ditions
(
√
ρ)′(r0) = −(√ρ)′(r¯) = 1, (18)
that is,
C−z
3/5
0 =
5
16
B2z
−11/5
0 −
5
8
Λz0, (19)
C+z¯
3/5 =
5
16
B2z¯−11/5 − 5
8
Λz¯. (20)
The above three conditions can be solved for three integration constants
B and C∓, which yield a reflection symmetric metric with respect to the
4-brane.
Namely, the effective four-dimensional cosmological constant Λ4 can van-
ish for generic values of Λ < 0 and λ > 0 with the extra dimensions com-
pactified.
We note that, in addition to the 4-brane at r = r1, 3-branes may be
introduced at r = r0 and/or r = r¯ straightforwardly. For example, if we put
a 3-brane with the tension λ0 at r = r0, the regularity condition Eq.(19) is
replaced by [2]
C−(1− λ0
2pi
)z
3/5
0 =
5
16
B2z
−11/5
0 −
5
8
Λz0, (21)
which also allows the full equations of motion to be satisfied without singu-
larity.
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4 Conclusion
We have obtained the regular metric with compact extra dimensions in the
case of the negative bulk cosmological constant in six dimensions. The four-
dimensional cosmological constant Λ4 can vanish without fine tuning of La-
grangian parameters Λ < 0, λ > 0 (and the tensions of 3-branes, if present).
We note that regular and compact metrics are also present under Λ4 6= 0,
as is the case for a positive bulk cosmological constant [2]. Namely, Λ4 is none
other than an integration constant to be determined by boundary conditions,
which might be supplied by some other sector to be added in the model [5].
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